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Questão 1

Seja X ∼ Exp(θ); θ > 0. Definimos T = ⌊X⌋; onde a ∈ R, ⌊a⌋ = k ⇔ k ≤ a < k + 1.

Calcular

P(T = k); E(T)

Solução:

P(T = k) = P(⌊X⌋ = k) = P(k ≤ X < k + 1)

=

∫ k+1

k
θ · e−θxdx = θ

(
−1

θ
· e−θx

∣∣∣∣k+1

k

)
= −e−θ(k+1) + e−θk = e−θk(1− e−θ)

em que tal função corresponde a função de probabilidade da distribuição geométrica (1− e−θ).

E(T) =
∞∑
k=0

t · e−θt(1− e−θ) = (1− e−θ) ·
∞∑
k=0

t · e−θt

= (1− e−θ) ·

[
d

dθ

(
−

∞∑
k=0

e−θt

)]
= (1− e−θ)

e−θ

(1− e−θ)2

=
e−θ

(1− e−θ)

Questão 2

Sejam X e Y i.i.d. geométricas (p); 0 < p < 1.

P(X = k) = p(1− p)k−1; k = 1, 2, 3, . . .

Sejam Z = Y −X e W = min {X,Y}. Encontrar a probabilidade conjunta P(W = j,Z =

k).

Solução:

P(W = j,Z = k) = P(min {X,Y} = j,Y −X = k,X ≤ Y) +

+ P(min {X,Y} = j,Y −X = k,X > Y)

= P(X = j,Y = k +X,X ≤ Y)) + P(Y = j,X = Y − k,X > Y))

= P(X = j,Y = k + j, j ≤ k + j) + P(Y = j,X = j − k, j − k > j))

= P(X = j,Y = k + j, 0 ≤ k) + P(Y = j,X = j − k, k < 0))
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= P(X = j) · P(Y = k + j)1{0,1,2,...}(k) + P(Y = j) · P(X = j − k)1{−1,−2,...}(k)

= p(1− p)j−1p(1− p)k+j−1 · 1{0,1,2,...}(k) + p(1− p)j−k−1p(1− p)j−11{−1,−2,...}(k)

= p2(1− p)k+2j−2p(1− p)k+j−1 · 1{0,1,2,...}(k) +

+ p2(1− p)−k+2j−2p(1− p)j−11{−1,−2,...}(k)

= p2(1− p)2j−2
[
(1− p)k1{0,1,2,...}(k) + (1− p)−k1{−1,−2,...}(k)

]
Questão 3

X ∼ Uniforme[0, a]; a > 0, Y ∼ Exp(θ); θ > 0, independentes. Seja Z = X+Y. Calcular a

densidade de X.

Solução:

fz(z) =

∫ ∞

0
fY(y) · fX(z − y)dy

Logo,

se 0 < z < a

fz(z) =

∫ z

0

1

a
· θ · e−θxdy =

1

a

[
θ

(
−1

θ
· e−θx

∣∣∣∣z
0

)]
=

1

a

(
1− e−θz

)
1(0,a)(z)

se a < z < ∞

fz(z) =

∫ z

z−a

1

a
· θ · e−θxdy =

1

a

[
θ

(
−1

θ
· e−θx

∣∣∣∣z
0

)]
=

1

a
·
(
e−θ(z−a)

)
=

1

a

−θz (
eθa − 1

)
1(a,∞)(z)

Questão 4

Dada a densidade conjunta de X,Y.

fX,Y(x, y) =

√
3

4π
exp

[
−1

2
(x2 − xy + y2)

]
; x, y ∈ R

Calcular E[XY].

Solução:
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E[XY] =

∫ ∞

−∞

∫ ∞

−∞
xy · fXY(xy)dxdy

=

∫ ∞

−∞

∫ ∞

−∞
xy ·

√
3

4π
exp

[
−1

2
(x2 − xy + y2)

]
dxdy

=

∫ ∞

−∞

∫ ∞

−∞
y ·

√
3

4π
· x · exp

[
−1

2
(x2 − xy + y2)

]
dxdy

=

∫ ∞

−∞

∫ ∞

−∞
y ·

√
3

4π
· x · exp

[
−1

2
(x2 − xy + y2)

]
dxdy

=

∫ ∞

−∞
y ·

√
3

4π
·
∫ ∞

−∞
x · exp

[
−1

2

(
x− y

2

)2
− 1

2

(
3y2

4

)]
dxdy

=

√
3

4π
·
∫ ∞

−∞
y · exp

[
−1

2

(
3y2

4

)]√
2π

∫ ∞

−∞
x · 1√

2π
exp

[
−1

2

(
x− y

2

)2]
dxdy

=

√
3
√
2π

4π
·
∫ ∞

−∞
y · exp

[
−1

2

(
3y2

4

)]
y

2
dy

=

√
3
√
2π

4π
·
∫ ∞

−∞

y2

2
· exp

−1

2

y2

4

3


 dy

=

√
3
√
2π

8π
·
∫ ∞

−∞
y2 ·

√
2π

√
4

3
√
2π

√
4

3

· exp

−1

2

y2

4

3


 dy

=

√
3
√
2π

8π
·
√
2π ·

√
4

3
=

2

3
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